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Polynomial minorants, majorants for Sine,
Cosine and Tangent Without Calculus

Arkady M. Al 13

ABSTRACT. This paper aim is consideration of elementary (calculus-free) way
which only the double-angle formulas and the inequalities sinz < z < tanz give
opportunity to obtain well known polynomial minorants and majorants for
sinz,cosx and tanz.

1 INTRODUCTION

We offer an elementary (calculus-free) proof of the inequalities

.'L'3 < 4 < '173+ 1175 (]_)
€X— —= SIinx === e
R T T 1200
2 2 4
1- " <ecosz<l1-2 4% 2
5 <cosx < 5 +24 ( )
23
x + WA tan x, (3)

when z € (O, g) . All we need are the double-angle formulas

sin 2z = 2sin z cos z,

cos2x = 1 — 2sin? T

2tanz
tan2g = —————,
1 —tan®x
all presented in standard courses of trigonometry, and the double inequality
sinz < z < tanz for z € (0,7,2), which has a visual geometric proof.
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The left side of(2) can be improved to become

2 2 4 6

X T xr xr
1= —<1-—4=— ——— <cosz 4
5 ST 2 T ag T gy SO 4

and we prove this as well. In each case the polynomials consist of the initial
terms of Maclaurin series for the sine, cosine, and tangent functions. The left
sides of (1)-(4) holds for all z > 0.

When we say ”calculus-free proof” we mean that proof should be free not
only from derivative and series but also free from limits, using instead
"passing to limit”, the simple and transparent reasoning in form of following

Proposition 1. Let P be set of positive real numbers such that for any
positive real € there is p € P that p < e and let inequality f (z) < p holds
for any © € Dom (f) and any p € P. Then for any x € Dom (f) holds
inequality f (z) < 0.

proof. Indeed, supposition of existence xp € Dom (f) such that
f (o) > 0 immediately leads to contradiction because then f (zp) < p for any
p € P and at the same time for € = f (z¢) there is p € P that p < f (z9).

e Proof of z — 23 /6 < sinz,z € (0,7,2)

For z € (0,7,72) the inequality = < tanz yields xcosz < sinz, so
for any x € (0,7,2) we have

xcosx < sinx < x (5)

Using (5) we can find a third-degree polynomial that is a lower bound for
sinz. Indeed, since cosz = 1 — 2sin? (z,/2) and sin (z/2) < z,2

2 b
we have cosz >1—2 (E) —=1-2 ( which is the left side of (2)) and,

2 2
therefore,

i x2 x3
sinx > xcosxt > T 1—7 ::v—?.

Suppose now that for some positive a the inequality sinz > x — az® holds for

every z € (0,7,2).( We have just shown that this holds when a = 1/2).
Then, since cosz > 1—x2/2, we obtain

. 94 T T > 9 T (m)d 1 1 (a:)2
stnx = 2sin — cos — = — = __(Z —
T S 20052 7 a 5 7 (3
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a1, ] 3+1a5>—“’+13~3
5 478)T TRW |tz

whenever = € (0,7) and, therefore, for any z € (0,7,72) holds inequality

i a 1Y\ 4 ] a 3
SINZ > — | -+ - |z° &= z—sing < = o = i
4 8 4
So, we can see that if for some a > ( inequality 2 — sinz < az3 holds for any
z € (0,7,2) then inequality
1 ;

T —sinz < <% + §) 23 holds for any z € (0,7,2) as well.
(Furthermore, even non-strict inequality = —sinz < az3,2 € (0,7,2) by
procedure represented above generate strict inequality

%) z3 for z € (0, m)).

Thus, for any term a,, of the sequence defined by

inz < (24
r —Ssinax ==
1

1
Upy1 = Z—n + gu= 1/2 inequality r (z) < a,2® holds for any x € (0,7,2).
1
Since 3 =c—§ =we — 5 then for any n € N we have

an, 1 1 1 1
G,n+1:z+g<:an+l—6:lz (ln_g <

That is

1 1
and, therefore, a,, = G T+ m,n € N.
Thus,
x3 x3 73

$—Sin$—?<m<m,nEN.

1 1
Since W= T for any n € N (can be proved by Math Induction) then
rgn 3
T —sinx — . < 8" € N and applying Proposition to
: n
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3 3
f(z)=2z—sinz — % and P = {18 |n e N} we obtain inequality
23 3 '

x—sinx—ggo = x—sinxﬁ%foranyxE(O,W/Q).

Si i < g i o e A G Pnall gt
ince x — sin — vyields  —sinx - z° = x — —we fina e
cex —sinz < 5 yields 5 173 5 Vg
strict inequality

JT—SIII.'L'<F <:>ZL'—F<SIII.’L'

for any z € (0,7,2).

g2
® Proofof cosz <1—-—+—,z€ (0,7,2).
2 24
. : &* 2 -z a % 5
Sln(:esmx>x—€ >0(.7:—F=ﬂ(24—4:1: ) & 2j4—(24—7r ) >0), we

have

¢ 1-2sin? (2) <1-2(7 1(3”)3 i i L 2o <
osx =1—2s — 2l -—=(= = =L e
Sy = 2 6\2 24 1152

1 1
Rt Tl
< 23’ +24J:
i B
oProofofs1n$<:r——+5', € (0,m,2)

1 1
Let z € (0,7,2) .Since sinz < x and cosz < 1 — ?B + ﬂw‘l then

2 2 3 5
sinx:2singcos§<2-§<l—($/2) +($g4))— 9;+3%.So,
we have

g™ . |gP
i - — 4+ — 0 2 6
sinz < z 8+384’ x € (0,7,2) (6)

Suppose now that for some positive a and b the inequality
sinz < x — az® + bz® holds for every z € (0, 7,/2) . Then

inz =2sinZ cos o 2 [ £ ($)3+b(x)5 1 1($)2+ 1 (x)4
S = 2sin — cos — ——al= = S = = =
R ki 2 23 2 2 \2 24 \2
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R PN L &) e s
SRR SRy L 327716 " 384)°" 2) \12¢ 43

) a+113+ a+b+1 5
T \ats)T Tl tie T

1 2 ™
because Ea+ b (l — E) >0 for z < 3

Thus, the non-strict inequality sinz < z — az3 + bz® (which we know to be
true when a = 1/8 and b =1/ 384) yields the strict inequality

inz<z— (242 )ad+ (242 L),
IR T e 32" 16 ' 384)%"

It i g d'denote si B il ¢
>] = — — = — — nr —2x = — =——— V&
we write a P, 120 q and denote sinx — x 6 120
r(z) then
a+1_1pa+b+1_1 1 1 i
4 8 6 432" 16 84 32\6 P 16 \120 ¢ 384
_1 _»_ 4
120 32 16
and

sinz <z —az® 4+ b2’ = r (z) < pad + qaP,

sinz < x a+1 &1 a—l—b—f-—l P =
sin —-+=)z — 4+ — ;
1738 32716 " 384)°"
Pty (L4 1)
<:>r(:z:)<4z+ 32+16 z°.

So, we have shown that the inequality 7 (z) < pa® + ¢2° and even
r(z) < pz3 + qx® implies the inequality r (z) < 213 + (£ t ) T.

3216
: . . 1
Due to inequality (6) with a = 3 and b = 354 the initial value of p is
- ! d the initial val fqi 11
= ——=—an initi 8 — — =
6 8 24 e Ol 8 o — 381 — 1990

3 O R N

- gL .
Note that dgely e 1 p |
g 1920 " 24 80 ° 6 and supposition ¢ < 6 implies
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p.ai BV g °p
LA B ey < R
32+16_32+16 6 24
Hence,
3 5 5, Aoy
r(z)<pzr’+qr’<plz +63:
yields

3 1
r(z )<Zﬂ+(:§+i)m5<§<$3+gm5).

3 5

1
So, inequality sinz — x + v ' 13;—0 < Pn (:173 + 6T5> holds for
Pn,n € N defined by p; = 1,24 and ppy; = ‘%, n €N that is it holds for
T 1
Pn=— —== n € N.

24 4n-1 "~ g.4n°
. 1 1
Since

5 an 18 can be arbitrary small with increasing n then

e (x3+ éw5> IL <(7r/2) + 5 (/2) )

can be arbitrary small with increasing n as well and, therefore, applying
Proposition to f(z) =r (z) we obtain inequality

r(z) <0,z € (0,7,/2)

which equivalent to inequality

1 1
<r—-— I s 2
sinx < x Gm + 12017 ,Z € (0,7,/2)

and, since xz < - + ) 1d
si sin - = — Sy
T 6:1* 120 yields

sin:r<:r—1 + 3+1 1+1 1+1 5_36_13+1m5
’ 6 4 8 6 32 ' 120 16 ' 384 )

we finally get strict inequality

< 13+ AR
SlIl.'If T ==L e ——
6 120"
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2 gt 4S8
e Proof of 1 — Fi -+ ke <cosz,x € (0,7,/2).

As a consequence of the above inequalities for sin z we have

. 2
cosa::1—2sin2(f)>1—2 i—i(i)d-f-l<£)5 =
2 S 2 3'\2 5'\2
o e 2 oz +1 28 1 (;1:)8 3 1 (.’17)2 .
F 4 3123 " 45 25 3151 \2 4.5\2 L

x? ozt i 2

_,_ T, 2® (m)B : 1 (:1*)2 1 m2+m4 20
AL 2 24 720 35! \2 4-5\2 2 24 720

1 A
because 24 = (g) <2 forz e (0,7,2).

e Proof of z+23,/3 < tanz,x € (0,7,2)
Let x € (0,7,2) .Since tanx > x we obtain

T xXT
2t (—) 9.2 I
an 2 5 2) ’3‘

tanwzl i 2($>> w2>x(l+% =x+ —
— n — — N
s 1 (2)

4

As above, suppose that for some a > 0 inequality tanz > x + az3 holds for
any x € (0,7,2).Then

Thus, the non strict inequality tanz > z + a3 (which we know to be true
1
when a = 1/4 ) yields the strict inequality tanz > 2 + (Z + Z) %9,
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1 1
= + 1 — S g So we have; shown ‘that the

inequality r (z) < pz?® implies the inequality r (z) < T, where
3

T
r(z) =+ — —tanz.
We know that the inequality holds for p = 1,12 because

. 1
If we write a = 5= p,then 1

tanz > +$3<:> ()<°T3
4 12

So, inequality r (z) < pz® holds for
1 1

P= g 19212 an”
applying Proposition to the function f (z) = r (x) we obtain
3

.. in fact for arbitrary small positive p. Therefore,

r(r) <0 <= x+%—§tanxforx€ (0,7,2) and since

1.
tanx > = + 51'3 yields

SRR (L NS T L
anx T ol o =T =
a. 32 4 T X x

we finally get strict inequality

1 3
tanm>x+§$.
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